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Introduction
Let p be an odd prime and let ζ = e 2πi/p . Let a ∈ Z with p ∤ a. Recently, Z.-W. Sun [S19] showed that
) is the Legendre symbol, and ε p and h(p) and the fundamental unit and the class number of the real quadratic field Q( √ p).
In this paper we establish the following result conjectured by Sun [S19, Conjecture 6.7] .
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(
Remark 1.1. Let p ≡ 1 (mod 4) be a prime. By Dirichlet's class number formula, we have Currie [WC, (1.4) ] showed that
Any prime p ≡ 1 (mod 4) can be written as p = x 2 + 4y 2 with x, y ∈ Z, Dirichlet proved that 2 is a quartic residue modulo p if and only if 4 | y (cf. Exer. 28 of [IR, p. 64] ). Combining this with (1.4) and Theorem 1.1(i), we obtain the following corollary. Corollary 1.1. Let p ≡ 1 (mod 8) be a prime and write p = x 2 + (4y) 2 with x, y ∈ Z. For any integer a not divisible by p, we have
Let p be an odd prime. For each a ∈ Z we let {a} p denote the least nonnegative residue of a modulo p. Define
He also conjectured [S19, Conjecture 6.1] that if p ≡ 1 (mod 4) then
Our next theorem in the case a = 1 confirms this conjecture.
Theorem 1.2. Let p be a prime with p ≡ 1 (mod 4), and let a ∈ Z with p ∤ a. Then
(1.7)
We will show Theorems 1.1 and 1.2 in Sections 2 and 3 respectively. Lemma 2.1. (H. Pan [P06] ) Let n > 1 be an odd integer and let c be any integer relatively prime to n. For each j = 1, . . . , (n − 1)/2 let π c (j) be the unique r ∈ {1, . . . , (n − 1)/2} with cj congruent to r or −r modulo n. For the permutation π c on {1, . . . , (n − 1)/2}, its sign is given by
) is the Jacobi symbol.
Proof of the First Part of Theorem 1.1. As p ≡ 1 (mod 8), there is an integer c with c 2 ≡ 2 (mod p). For j = 1, . . . , (p − 1)/2 let π c (j) be the unique r ∈ {1, . . . , (p − 1)/2} with cj congruent to r or −r modulo p. Then π c is a permutation on {1, . . . , (p − 1)/2}, and
with the help of Lemma 2.1. In view of (1.4), we have
Therefore (1.2) holds in the case p ≡ 1 (mod 8).
Remark 2.1. Our method to prove part (i) of Theorem 1.1 does not work for part (ii) of Theorem 1.1.
Proof of the Second Part of Theorem 1.1. We distinguish two cases.
and thus
So it suffices to show 1.3 for a = 1. In view of (1.1) with a = 1, we only need to prove that
As (
For 1 j (p − 1)/2, clearly
Thus the sign of the product
This proves (2.1).
Case 2. ( a p ) = −1. By the discussion in Case 1, we have
Let ϕ a be the element of the Galois group Gal(Q(ζ)/Q) with ϕ a (ζ) = ζ a . Then
by the evaluation of quadratic Gauss sums. Hence
where N(ε p ) is the norm of ε p with respect to the field extension Q(ζ p )/Q, and we have used the known results N(ε p ) = −1 and 2 ∤ h(p) (cf. [Co, p. 185 and p. 187] ). Thus, by applying the automorphism ϕ a to the identity (2.2), we get (−1) 
